A formal approximate solution is derived for the profile and velocity components of a wave with permanent form of finite height m moderate water depths. The approximation is carried to the third order, sufficiently far to represent all except the very high "design" waves. The relationship of the formulas to others found in the literature is discussed.
The wavelengths and the coefficients in the third-order series for the wave profile, and the water particle velocities and local accelerations are tabulated for approximately 2000 waves. The depths, heights, and periods for the listed wave conditions vary respectively from 10 to 500 feet, 5 to 40 feet, and 4 to 20 seconds. The range of applicability of the theory is discussed and approximate limits estimated.
As an aid in calculations, tables of the trigonometric and hyperbolic sines and cosines for integral multiples of the argument are included.
DERIVATION OF FORMULAS
We wish to construct potential flows satisfying Bernoulli's theorem on the free surface y(x) whose shape is one of the unknowns. The problem is one of some difficulty mathematically because of the nonlinear boundary condition. The usual general theorems of existence of solutions for linear problems are not valid and an ad hoc verification of existence of a solution must be made to be sure that the formal solution (Stokes, 1847) , which can be rather easily obtained, exists. The existence proof was first carried out by Struik (1926) following the method of Levi-Civita (1925) for deep water waves. Struik also obtained formulas for the profile, velocity components, and the necessar; auxiliary functions to relate the parameters in these formulas to the usual physically observed wave characteristics.
Unfortunately all these formulas have algebraic errors, as was first pointed out by Hunt (1953) and then independently by Tanaka (1953) , However the results of Hunt and Tanaka do not, at first sight, agree. It seemed advisable to make a new and simpler derivation of these result! 252 THE USE OF THE STOKES-STRUIK APPROXIMATION FOR WAVES OF FINITE HEIGHT m a slightly different way, in order to clear up these discrepancies. A more recent calculation by De (1955) has checked the results of Hunt and extended them to the fifth approximation.
We introduce the device of a moving coordinate system whose velocity, C, is the celerity of the waves. In this coordinate system, the motion is steady and two-dimensional. It is then convenient to use complex variables (Lamb, 1932) and a complex potential to, whose real and imaginary parts are the velocity potential 4> and stream function </», w(s) = 4>(x,y) + i^P (x,y) , (l) and whose derivative is related to the velocity components v x and v dw = -v x + iv .
(
2) dz
The mathematical problem may be described briefly. We wish to construct a function u> of complex variable z which has the properties that dw/dz has a real period L, 
and that Bernoulli's equation is satisfied 1 \dw 2 \dz on the free surface iS*' + g Im z * Const.,
Im *> * IC.
We will assume that the solution to the problem has the form w « C \z + A 2 & n A n sin nkz where k = 2m/h. We note that equations (3a) and (36) are satisfied if A n are real. The success of this assumption will presently justify the form. We know that Bernoulli's theorem must hold on the line given by putting the imaginary part of w equal to a constant IC in equation (5), whose real and imaginary parts are then parametric equations for the profile. The parameter is <£, the real part of the potential. We see that we will need to invert equation (5) to obtain z as a function of to, in order conveniently to satisfy Bernoulli's theorem, equation (4a). It is also necessary to obtain dw/dz as a function of w. We will indicate formally how these steps can be carried out, although to justify each step mathematically we would have to investigate the convergence of the assumed solution after we have calculated the values of the coefficients, A n .
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Vie differentiate equation (5) with respect to z and obtain
= C|l + dz
YL annAn cos nkz
We assume z as a function of w is given by Cz = w + C -i-Y~ a*fl" sin II ^fcn few (7) the justification being that we are able to substitute equation (7) int' equation (5) and solve successively for B n as functions of A n .
Then we substitute equation (7) in equation (6) and obtain *»{w) -C 1 +
Yl °n
Sin "
kw C
where C_ are functions of a and A".
We put Im w = IC in equation (8) and equation (7) and substitute in equation (4a). We find 1 + Z a n C-n cos ** (<£ + tlC) + _££-Im z{4x + tlC) = Const. . (c
277C2
We can also put c2 -XI z, «» a9B -C since the celerity may be a function of wave height and depth. Bernoulli' s theorem, equation (9), must be valid for all <£ and a, and we 1 put the separate coefficients of a" cos m<p equal to zero. When this ii done, the resulting equations may be solved successively to obtain The profile r)(x) is found by eliminating 4> from the real and imaginary parts of equation (7), evaluated on w = 4> + tlC. Then we obtain the IT water level d by integration:
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ri(x)dx = I + JL o sinh Zkl , A. (14) 277 (15) and the particle velocities from minus the real part and the imaginary part of equation (6),
Re P-= " Cll + a cos ** cosh ky -* "»»"» cosh 2*y da I 2(cosh 2U -l) ?jl + a 3(2 cosh Zkl -l) cos 3/kx cosh ^1 (16) 16 ( 
We can transform back into a stationary coordinate system by the substitution
and obtain, on dropping the primes,
3(2 cosh Zkl -1) sin 3fe(jr _ ct) Slnh 3;fe 16(cosh Zkl -1)2
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The set of three equations (13), (14), and (15) have as unknowns the three auxiliary parameters a, k, and I, We see that, given the wave height, the water depth, and the wave period, they may be solved for these auxiliary parameters. The parameter k has a simple mterpr< tation as seen from these equations since
Also, I and a are related to the depth and height, respectively.
The equations here given check with those of Hunt and Tanaka. T< compare with Hunt and De it is necessary to obtain a as a function of /A, which may be done from the equations for the depth and height. It is then found that a is an odd function of fj.,
To compare with Tanaka, it is only necessary to identify his par meter d with our I. His statement that his d is the depth is mislead mg, since clearly his d is not the mean water level. Finally, it is relevant to notice that the equations pertaining to the Stokes-Struik theory in the Beach Erosion Board Technical Memoranda 1 and 2 are incorrect, as is pointed out by Hunt.
APPLICATION OF THE THEORY
After a theory is explicitly stated, normally two steps remain t be completed before the Engineer or Oceanographer can readily apply t theory to an actual problem. First, some procedure must be given to overcome the computational difficulties involved m the use of the theory, and second, the range of applicability must be indicated so that it is possible to determine when the theory should be used.
COMPUTATIONAL FORMULAS
The Stokes-Struik theory as presented can be put in a somewhat r convenient form for computations as follows. We multiply eq, (13) bj eq. (15) and ignore terms containing powers of o greater than the th Then we divide both sides of the resulting equation by L g to obtain Normally at the start of the problem, the depth d, wave height H, and wave period T are known. The sumbols 77 and g are the mathematical constant 3.1415. ...and the acceleration due to gravity respectively. Hence kl and a are the only two unknown quantities m equations (23) and (24), and the problem becomes one of solving the two nonlinear equations in two unknowns. While this is difficult by hand, it can be solved easily by iteration on an electronic computer. Once kl and a are known, the other properties of the wave follow immediately. An equation for the wavelength in same general form we have been using is obtained by dividing eq. (15) As an examination of the equations will show,
and a T /L are all dimensionless and depend only on kl and a or in turr only on d/gT and H/gT , The same dimensionless form extends to the coefficients.
In all of the preceding formulas, a coordinate system with its origin at the sea floor directly beneath the wave crest when t = 0 was used. The x axis is horizontal and positive in the direction of wave propagation while the y axis i6 positive upwards.
When the quantity d/L becomes very large, the hyperbolic functions of ky in the equations become unmanageably large and exceed most tables of hyperbolic functions. In order to avoid these large numbers, a different coordinate system is used whenever d/T > 2.56. This is approximately the same as changing the coordinate system whenever d/L > 0.5. The new coordinate system has its origin at the sea surface directly below the wave crest when t » 0, and has its y axis positive downward. The x axis remains the same as before. The equations for the velocities and accelerations assume a slightly different form under this transformation. Let y' be the new vertical axis and y be the old one. Then
We substitute this into the previous formulas, dropping the prime, and obtain v x , v y , a x ,and a y as: feet to 200 feet are listed in 10-foot intervals, and from 200 feet to 500 feet in 20-foot intervals. Wave heights from 5 to 40 feet in increments of 5 feet, and wave periods from 4 seconds to 20 seconds in increments of 2 seconds are given wherever the Stokes-Struik theory is not demonstrably false. In some cases it was convenient to measure the elevation y, from the water surface positive downward instead of from the sea floor positive upward and to use equations (29). The waves for which y should be measured from still water level are indicated in the tables by a minus sign on the wave period (T). The negative sign is used here merely as a convention to indicate the transformation of z, A heavy preceding dot has been attached to the wave periods on certain waves.. This dot indicates that we do not actually believe the Stokes-Struik theory is applicable to those particular waves. However, since a frequently used method for computing the velocities and accelerations m waves for which no theory is available consists of interpolation between the several most nearly applicable theories, the coefficients for the wave are included in the table even though the theory does not apply.
The position of the decimal point is indicated at least twice on each page of the table. The decimal point for any other number in the column can be located by comparison.
CIRCULAR AND HYPERBOLIC SINES AND COSINES FOR INTEGRAL MULTIPLES OF THE ARGUMENT
To facilitate computation of the three-term series, several auxiliary tables were prepared. Figure 1 , for thi estimation of the breaker index curve, the modified solitary theory was used for d/T < 0.1 while the results of an unpublished study made by J. E. Chappelear were used for d/T 2 > 2.0. The position of the line in between was estimated and is shown by dashes. This breaker index curve is an obvious upper limit to the use of any wave theory. A somewhat smaller upper boundary can be developed from the wave profile equation. From wave tank studies and from intuition, we are fairly sure that wave have only one maximum per wave cycle, i.e., the wave crest. Even more stringently, we suspect that the waves do not have any jogs or semi~ steps in the profile. This is the same as saying that the wave profile should have only one inflection point between the wave crest and trough The boundary line between those waves, as computed by the Stokes-Struik third approximation, that have three inflection points between their crests and troughs and those that have only one is shown in Figure 1 In the preceding work, the basic formulas were derived by Chappele while the section on the application of the theory together with the various tables were prepared by Borgman. Both authors wish to express their appreciation to the Shell Oil Company and the Shell Development Company for permission to publish the paper. 
= a mathematical parameter in the Stokes-Struik third approximation. The physical meaning is given by the formulae. L -wavelength, or horizontal distance between two succeeding troughs or crests in the direction of wave propagation (ft). 262 t -time measured from the instant when the wave crest was above the origin of the coordinate system (seconds). T = wave period, or length of time for two succeeding crests to pass a fixed point (seconds). v x ,v _ horizontal and vertical components of the water particle velocities (ft/sec). T/I,T/ 2 , a 3 = Stokes-Struik third approximation coefficients for the water particle velocities (ft/sec). u(z) = complex potential, <fi + i\p for T marked plus -x,y = horizontal and vertical coordinate axis, respectively. The origin is at the sea floor directly below the wave crest when t = 0. # is positive in the direction of wave propagation and y is positive upwards, for T marked minus -x,y = horizontal and vertical coordinate axis, respectively. The origin is at still water level directly beneath the wave crest when t = 0. x is positive in the direction of wave travel and y is positive downwards. z = = complex variable, x + %y vlx) = vertical elevation of the wave profile above the sea floor, (ft). V is a function of* or of 6 depending on what horizontal measure of distance is being used. T h> 7 ?2> 7 ?3 -Stokes-Struik third approximation coefficients m the equation for the wave profile (ft), 0 = angular phase position or distance from crest measured so as to make 6 = 0 at the crest and 9 = 180° at the preceding trough.
In general, ' 6 " 2,TT(X/L -t/T), but usually t is set to zero and the simpler formula
6 = 2 x/L is used (dimensionless) <p{x,y) = velocity potential 4>(x,y) = stream function APPENDIX I
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